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ABSTRACT

A variant of adaptive worst-case (WC) beamformer is de-

vised in this paper, which is robust against arbitrary unknown

signal steering vector (SSV) mismatches. Compared with

the conventional WC beamforming approach, the proposed

method is further improved in terms of robustness by recon-

structing the interference-plus-noise covariance matrix (IN-

CM) and adaptively adjusting the uncertainty level of the SSV

errors. In particular, the INCM is obtained by using the Capon

spatial spectrum as the power distribution, and then the un-

certainty level is estimated by maximizing the output power.

Simulation results are included to illustrate the superiority of

the proposed method.

Index Terms— Worst-case, robust beamforming, signal

steering vector mismatch, uncertainty level, Capon spatial

spectrum.

1. INTRODUCTION

Adaptive beamforming has been widely used in radar, sonar,

seismology and wireless communications [1]-[3]. The per-

formance of adaptive beamformers (BFs) is known to depend

essentially on the availability of signal-free training snapshots

[4]. However, in many applications such as mobile communi-

cations, passive location and radio astronomy, the signal-free

training snapshots are usually unavailable. This poses a big

challenge because if the signal component is present in the

training snapshots, the conventional adaptive BF will suffer

severe performance degradation [5]. Furthermore, in practi-

cal applications, the signal steering vector (SSV) of the de-

sired signal may be imprecise due to the existence of array

imperfections, which cause serious signal cancellation prob-

lem. Therefore, robust adaptive beamforming has received

much attention, and various robust techniques have been pro-

posed in the literature [6]-[11].

There are several efficient approaches to the design of ro-

bust adaptive BFs, e.g., the diagonal loading of the sample

covariance matrix (SCM) [12], worst-case (WC) SSV opti-

mization [13] and WC signal-to-interference-plus-noise ratio

(SINR) maximization algorithms [14]. As a matter of fact,

these methods belong to the class of diagonal loading method.

They are robust against SSV errors if the diagonal loading fac-

tor is properly selected. However, the choice of the optimal

diagonal loading factor is not clear in practice. Moreover,

the presence of the signal-of-interest (SOI) in the training

snapshots causes a great performance degradation especial-

ly at high signal-to-noise ratio (SNR) conditions. Recently,

the work to remove the effect of SOI has been conducted by

Khabbazibasmenjet et al. [15], Mallipeddi et al. [16] and Gu

et al. [17].

In this paper, inspired by the WC beamforming [13],

we devise a new beamforming approach with a reconstruct-

ed interference-plus-noise covariance matrix (INCM) and

an adaptively adjusted uncertainty level of the SSV errors,

which is referred to as the reconstructed robust WC-BF (RR-

WC-BF). In particular, with the knowledge of the presumed

direction-of-arrival (DOA) of the SOI, the INCM is recon-

structed by exploiting the spatial spectrum distribution of the

incoming signals. With the so-obtained INCM, the uncertain-

ty level of the SSV errors is estimated by maximizing the out-

put power meanwhile adopting a quadratic constraint which

is used to prevent the corrected SSV from converging to any

interference.

The rest of the paper is organized as follows. In Section 2,

we present the data model and review the WC-BF. In Section

3, the proposed RR-WC-BF is derived. In Section 4, numeri-

cal examples are provided to compare the performance of the

proposed method with other robust beamforming algorithms.

Finally, conclusions are drawn in Section 5.

The following notations are used throughout the paper.

Matrices and vectors are represented by bold upper-case and

bold lower-case characters, respectively. Superscripts (·)T ,

(·)H and (·)∗ stand for transpose, conjugate transpose and



conjugate, respectively. The �{·} and �{·} denote the real

and imaginary parts of a complex number, respectively. The

E{·} stands for mathematical expectation. The || · ||2 and

| · | denote the Euclidean norm and absolute value, respec-

tively. The I and 0 represent the identity and zero matrices,

respectively. The N (μ, σ) stands for the standard normal dis-

tribution with mean μ and standard deviation σ.

2. PROBLEM FORMULATION

2.1. Signal Model

Consider an array with M antennas receiving a far-field nar-

rowband signal s0(k) with the DOA θs. The array measure-

ments are modeled as

x(k) = a(θs)s0(k) + xi(k) + n(k) (1)

where a(θs) is the SSV of the SOI, xi(k) and n(k) are the

statistically independent components of the interferences and

noise, respectively. Here, we assume that both the interfer-

ences and noise are uncorrelated with the SOI.

The output of the BF with the weight vector w =
[w1, . . . , wM ]T is given by

y(k) = wHx(k). (2)

The weight vector can be obtained through maximizing the

SINR [5]

SINR =
wHRsw

wHRinw
(3)

where

Rs = E{a(θs)s0(k)s∗0(k)aH(θs)} = σ2
sa(θs)a

H(θs) (4)

Rin = E{(xi(k) + n(k))(xi(k) + n(k))H} (5)

are the M×M desired signal matrix and INCM, respectively,

and σ2
s denotes the power of the SOI. The problem of maxi-

mizing (3) is mathematically equivalent to minimum variance

distortionless response beamforming

minwHRinw s. t. wHa(θs) = 1. (6)

It is well known [5] that the optimal weight vector for (6) is:

wopt =
R−1

in a(θs)

aH(θs)R
−1
in a(θs)

. (7)

Indeed, the exact Rin is unavailable even in practical signal-

free applications. In the following, the SCM

R̂ =
1

N

N∑
k=1

x(k)xH(k) (8)

is used instead of (5). Here, N is the number of training s-

napshots. As a result, we get the sample matrix inversion BF

(SMI-BF)

wopt =
R̂−1a(θs)

aH(θs)R̂−1a(θs)
. (9)

When the signal component is present in the training snap-

shots, the use of the SCM (8) in lieu of the true INCM (5) de-

grades the performance of the SMI-BF significantly [4]. An-

other shortcoming of the SMI-BF is that it is sensitive to the

mismatch between the presumed SSV a(θs) and actual SSV

ã(θs). To overcome these shortcomings, numerous robust ap-

proaches have been proposed [8]-[14].

2.2. Preliminaries

In this section, we review the most popular WC-BF [13]

which is based on the assumption that the norm of the SSV

error vector e is bounded by some known constant ε > 0,

that is

||e||2 ≤ ε. (10)

Then, the set of the actual SSV is a sphere

A{ε}= {ã(θs)|ã(θs)= a(θs)+ e, ||e||2 < ε}. (11)

The corresponding optimization problem is given by

min
w

wHR̂w

s. t. |wH(a(θs)+e)| ≥ 1, (a(θs) + e) ∈A{ε}. (12)

According to [13], the semi-infinite nonconvex quadratical-

ly constrained problem (12) can be written as the following

convex second-order cone (SOC) problem:

min
w

wHR̂w

s. t. �{wHa(θs)} − 1 ≥ ε||w||2
�{wHa(θs)} = 0. (13)

As a result, it can be easily solved using convex optimization

software, such as CVX [18]. However, the WC-BF has a se-

vere performance degradation at high SNRs. This is because

the desired signal component is present in the training snap-

shots. Another problem of the WC-BF is that it is unclear how

to appropriately choose the uncertainty level ε for the SSV.

3. PROPOSED ALGORITHM

In this section, a variant of adaptive WC-BF is proposed.

Firstly, a robust strategy is considered by reconstructing an

estimate of the INCM R̃in, and then R̃in is used instead of

Rin in (5). Secondly, the choice of the uncertainty level ε is

addressed. Moreover, an approximate estimate of ε is provid-

ed at the end of this section.

3.1. Reconstructed WC-BF

Assume there are P interferences. Then (5) can be writ-

ten as Rin =
∑P

i=1 σ
2
i a(θi)a

H(θi) + σ2
nI , where σ2

i , i =
1, 2, . . . , P , is the power of the interference coming from θi



and a(θi) is the corresponding SSV, and σ2
n is the noise pow-

er. In practical applications, however, the powers of the inter-

ferences and noise, are unknown. In order to reconstruct the

INCM, we need to know the spatial spectrum distribution in

all directions. To this end, we use the Capon spatial spectrum

estimator

P̂(θ) =
1

aH(θ)R̂−1a(θ)
(14)

where a(θ) is the SSV associated with the DOA θ. According

to [17], the INCM can be reconstructed as

R̃in =

∫
Θ̄

a(θ)aH(θ)

aH(θ)R̂−1a(θ)
dθ (15)

where Θ̄ is the complement sector of Θ and Θ is an angu-

lar sector where the SOI is located. Because R̃in collects all

information on interference and noise components in the out-

of-sector Θ̄ and excludes the desired signal information in Θ,

the effect of the desired signal can be removed.

3.2. Adjustment of Uncertainty Level ε

As is shown in [13], [19], the choice of the uncertainty level

ε has a significant impact on the performance of the WC-BF.

According to (10), ε is associated with the level of mismatch

between ã(θs) and a(θs). However, in practical applications,

the actual SSV ã(θs) is usually difficult to obtain due to the

complex propagation environment. As a consequence, our

suggestion is to adaptively adjust ε with respect to the SSV

error vector e.

Substituting the Capon BF (9) and the reconstructed IN-

CM R̃in into the objective function (6), the output power can

be represented as

P̃(θ) =
1

aH(θ)R̃−1
in a(θ)

. (16)

The P̃(θ) is maximized when a(θ) is equal to the actual SSV

ã(θs). Consequently, the optimal SSV can be estimated by

maximizing P̃(θ), or by minimizing aH(θ)R̃−1
in a(θ). Note

that the presumed SSV a(θs) should be utilized to exclude

the trivial solution a(θ) = 0. As a result, using a(θs) + e in

lieu of a(θ) yields the cost function

min
e

(a(θs) + e)HR̃−1
in (a(θs) + e). (17)

In order to prevent the corrected steering vector a(θs) + e
from converging to any interference located in Θ̄, an inequal-

ity constraint

(a(θs) + e)HR̃in(a(θs) + e) ≤ aH(θs)R̃ina(θs) (18)

should be exploited. Note that any scaling of the SSV does

not affect the output SINR [17]. The problem can be further

simplified by setting aH(θs)e = 0. Therefore, the optimiza-

tion problem is reformulated as

min
e

(a(θs)+ e)HR̃−1
in (a(θs)+ e)

s. t. aH(θs)e = 0

(a(θs)+ e)HR̃in(a(θs)+ e)≤aH(θs)R̃ina(θs). (19)

Recalling that ||e||2 ≤ ε, we set

ε̃ = ||e||2 (20)

and use it instead of ε. Therefore, the design criterion of the

proposed RR-WC-BF is

min
w

wHR̃inw

s. t. �{wHa(θs)} − 1 ≥ ε̃||w||2
�{wHa(θs)} = 0. (21)

Because R̃in is a positve-definite matrix, the problem in (21)

is a feasible SOC problem and can be easily solved using the

CVX.

4. SIMULATION RESULTS

In this section, we present a number of numerical exam-

ples that illustrate the superiority of the proposed RR-WC-

BF. For comparison, empirical results of the SMI-BF [20],

LSMI-BF [12] and WC-BF [13] are included. A uniform

linear array consisting of M = 10 sensors with interspac-

ing of half wavelength is considered. Two interferences are

assumed to have DOAs 30◦ and 50◦. The interference-to-

noise ratio is 20 dB. The SOI is presumed to arrived from

θs = 5◦ and the angular sector of the SOI is set to be

Θ = [θs − 5◦, θs + 5◦]. As a result, the corresponding out-

of-sector is Θ̄ = [−90◦, θs − 5◦) ∪ (θs + 5◦, 90◦]. When

comparing the performance of the adaptive beamforming al-

gorithms in terms of number of snapshots, the SNR is fixed at

20 dB. In the comparison of SINR versus SNR, the number

of snapshots is fixed at 30. Moreover, the background noise is

assumed to be spatially and temporally white Gaussian pro-

cess with zero-mean and covariance matrix I . The diagonal

loading factor is taken as 5 dB for the LSMI-BF and the un-

certainty level ε is fixed at 0.3M for the WC-BF. For each

scenario, 200 Monte-Carlo runs are performed.

4.1. Example 1

In the first example, we consider a scenario where the actu-

al SSV is known exactly. From Fig. 1(a), we observe that

there is a minor gap for these robust methods at low SNRs,

but when the SNR is higher than 0 dB, the performance gap

of these methods becomes remarkable. That is due to the fac-

t that the presence of the SOI in the training snapshots can
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Fig. 1. SINR of various BFs without SSV errors. (a) SINR

versus SNR. (b) SINR versus snapshot number.

−20 −15 −10 −5 0 5 10

−10

−5

0

5

10

15

20

SNR (dB)

S
IN

R
 (d

B
)

SMI−BF
LSMI−BF
WC−BF
RR−WC−BF
Optimal SINR

(a)

50 100 150

−15

−10

−5

0

5

10

15

Snapshot number

S
IN

R
 (d

B
)

SMI−BF
LSMI−BF
WC−BF
RR−WC−BF
Optimal SINR

(b)

Fig. 2. SINR of various BFs with 3◦ look direction mismatch.

(a) SINR versus SNR. (b) SINR versus snapshot number.

cause a severe performance degradation at high SNRs. More-

over, the SINR of the proposed method is almost close to the

optimal value. This in turn indicates that the proposed ap-

proach significantly outperforms the other algorithms.

4.2. Example 2

In this example, we assume that the actual DOA of the SOI

is 8◦, which corresponds to a 3◦ mismatch in the signal look

direction. It is observed in Fig. 2 that although the perfor-

mance of the RR-WC-BF is a little bit inferior to that of the

first example, it still outperforms the other algorithms.

4.3. Example 3

In this example, the actual SSV is modeled as

ã(θ̃s)=[a0e
jπ sin(θ̃s),. . . , aM−1e

jπ(M−1) sin(θ̃s)]T (22)

where the array gains are denoted by ai = 1 + āi, i =
1, . . . ,M − 1, and āi, i = 1, . . . ,M − 1, are independent-

ly drawn from N (0, 0.1), the DOA of the SOI is θ̃s = θs+ θ̄s
and θ̄s is independently drawn from N (0, 2◦). From Fig. 3,

it is seen that the errors of the SSV have little influence on the

performance of the proposed RR-WC-BF.

4.4. Example 4

In this example, we assume that the SOI is distorted by co-

herent local scattering effects. The actual SSV consists of
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Fig. 3. SINR of various BFs with random SSV errors. (a)

SINR versus SNR. (b) SINR versus snapshot number.
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Fig. 4. SINR of various BFs with incoherent local scattering.

(a) SINR versus SNR. (b) SINR versus snapshot number.

five signal paths and is given by

ã = a(θs) +

4∑
i=1

ejψi ā(θi) (23)

where ā(θi), i = 1, 2, 3, 4, correspond to the coherently scat-

tered paths. The DOAs θi, i = 1, 2, 3, 4, are independently

drawn from N (θs, 4
◦) and ψi, i = 1, 2, 3, 4, are independent-

ly and uniformly distributed over [0, 2π]. Fig. 4 shows that

the performance of the SMI-BF, LSMI-BF and WC-BF is stil-

l much worse than that of the RR-WC-BF especially at high

SNRs.

5. CONCLUSION

In this paper, a new beamforming approach which is robust

against arbitrary unknown SSV mismatches has been pro-

posed. The robustness of the devised RR-WC-BF is enhanced

by two strategies: INCM reconstruction and uncertainty level

estimation. It is revealed that the INCM can be efficiently re-

constructed with the knowledge of the presumed DOA of the

SOI and the Capon spatial spectrum distribution. Meanwhile,

based on the reconstructed INCM, the uncertainty level can

be reliably estimated by maximizing the output power. Fur-

thermore, the proposed RR-WC-BF is designed based on the

WC-BF, which turns out to be robust against all kinds of array

imperfections. Simulation results show that the output SIN-

R of the proposed approach outperforms several conventional

adaptive beamforming methods.
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